Abstract-A modified series resonant converter with clamped tank capacitor voltage exhibits complex dynamic characteristics due to the clamping diodes. This paper describes work aimed at understanding the dynamic behavior of the converter in a three-dimensional state-space. Geometric features of the state trajectories are analysed, and sampleddata models a r e developed. Based on the small-signal model around nominal operation, a feedback controller is designed. Nonlinear control rules are established to deal with large deviations from the nominal. The study is supported by simulation results obtained using a specially developed simulator.
I. INTRODUCTION
THE many advantages of resonant converters are p a r t i d y offset by high on-state currents and off-state voltages in the switching devices. Increasing filter selectivity makes the peak capacitor voltage in series resonant converters (or the peak inductor current in the parallel case) excessively high. To combat this undesirable feature, the series resonant converter (SRC) under study in this paper has four clamping diodes placed around the resonant tank capacitor to ensure that its peak voltage can never exceed the supply voltage, see Figure 1 . The converter was developed at Raytheon by Jacobson and DiPerna [2] .
Output power in this converter is controlled with a fixedfrequency phase modulation scheme, achieved by subjecting the resonant LC circuit to a quasi-square wave generated through a bridge of switches (not shown in Figure 1 ). The phase angle between the sources el and e2 that produce the quasi-square wave is 4; it determines the effective duty ratio. The introduction of the clamping diodes was intended to improve the performance of the converter under heavy-load conditions. However, it resulted in a large variety of possible operating modes, some of which may not be desirable in normal operation of the converter.
Earlier numerical simulations of the steady-state behavior of the SRC based on circuit models were carried out by Raytheon [2] and by Kat0 and Verghese [4] . They had demonstrated the complexity of the boundaries between operating modes of the circuit. Simulations based on statespace models and aimed a t analyzing the dynamic behavior of the SRC were done by Osawa [6] . The behavior of the state-space trajectories was analyzed. It was shown that only four of the nine diode conduction configurations, or topological modes, need to be analyzed. The others can be derived from these four because of symmetries in the state-space models.
This paper aims to achieve a better understanding of the dynamic and steady-state behavior of the SRC. We begin with an analysis of the state-space trajectory behavior of the SRC. The properties of the SRC around the nominal operating point are examined through derivation and analysis of sampled-data models. The design of a simple feedback controller is then presented. The analysis is aided and verified by computer studies.
STATE-SPACE DESCRIPTION AND TRAJECTORY BEHAVIOR

A . Modeling Simplifications
The diodes in the schematic diagram of the SRC in Figure 1 are assumed to be ideal. If we take capacitor voltages and inductor currents as state variables, the circuit in Figure 1 will be a fourth-order system. This poses a problem for graphical representation and visualization. However, since the output filtering is highly effective because of the large output capacitor C,, the voltage across the load does not fluctuate much during typical operating conditions. Therefore, we may treat the load as a constant voltage source of value VL. With this approximation, the simplified circuit is reduced to third-order. The constant voltage source model is adequate in most of our analysis of the converter. In practice, the output current may be hard to measure because of physical constraints, so for the feedback controller, only the output voltage can be mea-sured. We will a t that point model the output either as a load resistor in parallel with the outout capacitor, as in Figure 1 , or as a constant current source in parallel with this capacitor.
The supply voltage, E, is not constant. It droops slowly with a rate of change much lower than that of the state variables. This slow variation in supply voltage wiU be treated as a disturbance in the control design. In the analysis of converter dynamics, E is assumed to-be constant. We will also neglect all the parasitic capacitances and resistances.
Their omission does not have a large impact on dynamic modeling for purpose of control design.
B. Description of Topological Modes
For each valid combination of the diode conduction configurations, i.e. for each topological mode, we can write linear time-invariant (LTI) state-space equations in the form k(t) = Ajx(t) + Bju(t)
(1) where x ( t ) = [ i l ( t ) iz(t) vc(t)lT are the state variables, Bju(t) is a function of e l ( t ) l eZ(t), and v,,(t), and j denotes the topological mode. Detailed derivations of these equations are shown in [6] .
We will consider the clamping diodes, D1 to D4, on the voltages, e l ( t ) and e z ( t ) , and the load voltage V,.
A three-dimensional representation of the topological mode conditions in the state-space is shown in Figure 2 . The topological modes that occupy planes ('plane modes') and those that occupy space regions ('volume modes') are drawn separately for clarity. The conditions for all but two topological modes involve only the state variables. The additional constraints on the input voltages and the load voltage for modes MO and S3 are indicated in the figure.
Given a point in the state-space, the corresponding topological mode can be determined immediately from Figure 2. (At the boundaries between two modes, the converter can be considered to be in either or both modes.) 
C. Symmetry
The symmetry in the structure of the SRC suggests possible symmetry in its trajectories in the state-space. Three types of symmetry were found by Osawa 
D. Geometric Structure of State Trajectories
The velocity vector of the state trajectory at any point in the state-space can be found directly from the statespace equations for any combination of input voltages and load voltage. One method for visualizing and analyzing the trajectory behavior is through the trajectory velocity fields, which plot the velocity vectors at a number of different state-space locations. A second method is to solve the state-space equations to find closed-form expressions for the trajectories. The solutions are of the form In modes M5, M6, M7, and M8, the tank capacitor voltage vc is clamped to a constant, and the inductor currents are linear functions of time for any set of input voltages and transformer primary-side voltage. The trajectories move in straight lines on their respective mode planes.
The velocity field method of analyzing the topological modes is best suited for the plane modes. In M1, M2, M3, and M4, however, the trajectories move through space. Projecting the velocity field onto the il 218. i 2 plane at various levels of v c makes visualization possible, but still rather cumbersome. Fortunately, the solution to the state-space equations is quite simple. In M1, i1 is a linear function of time, and the relationship between i2 and vc can be written as where K is a constant determined by the initial conditions. The trajectory is thus a spiral on the surface of a circular cylinder centered at &(-ea+E-vp) with radius K whose axis is parallel to the f i i 1 axis and intersects the &vc axis. An illustration is shown in Figure 4 . Because of boundary conditions, only the portion of the graph dotted 
with circles is actually in M1. The rest of the spiral is drawn as a visual cue.
Trajectories in M3 behave in a similar fashion, except that the spiraling trajectory now rides on a cylinder oriented in the direction of a i 2 . M2 and M4 are duals of M1 and M3 respectively, because of the symmetry properties.
The complete trajectory is a concatenation of the individual pieces in each topological mode that the trajectory traverses. For example, Figure 5 shows a typical simulated trajectory from zero initial conditions under the nom- 
THE SIMULATOR
To aid the analysis of the SRC, a computer simulator based on the state-space model was written in Matlab. The principal task of the 'core' simulation program is to generate the time response of the state variables of the circuit, from some starting point in the state-space, based on some circuit parameters such as capacitor and inductor values, o p erating parameters such as switching frequency, and simulation parameters such as time-step siae, etc. The simulator accurately detects the transitions in topological modes with a look-up table, built from the 3-D representation of the topological modes in Figure 2 . It captures the values of the state variables at the critical points of mode transitions and switching changes in addition to the values at the regularly spaced time points. For accuracy and numerical stability, the simulator computes the trajectory using the trapezoidal integration method. The state variables are usually the inductor currents, i l l 22, and the tank capacitor voltage, vc, if the load is modeled as a voltage source. When the load is modeled as a capacitor in parallel with either a resistor or a current source for controller design purposes, the output capacitor voltage becomes an additional state variable. Higher-level simulation tasks call repeatedly on the preceding core simulation, while changing some parameters between calls. Such tasks include the generation of the velocity fields, the simulation of start-up dynamics, the simulation of the steady-state behavior, and the search for the nominal switching phase angle. The returned data on the state variables are processed and relevant information extracted and/or displayed with some auxiliary functions. Many of the results and figures shown in this paper are generated with the simulator. Additional details may be found in [I] .
IV. STEADY-STATE CHARACTERISTICS
Simulations show that the SRC settles into steady-state in just a few cycles from start-up. The steady-state behavior of the SRC was extensively simulated and analyzed by Kato and Verghese in [4] , who also presented a numerical algorithm for mapping the steady-state operating modes. Osawa verified some of these results in [6] .
A. Average Output Current
A primary aim in the design of the converter and its feedback control is to maintain a relatively constant output voltage, VL, while supplying the average output current required as the load alternates between full-load and idle values. The output current is a function of both the supply voltage, E, and the switching phase angle or duty ratio, 4. As E and 4 increase, the output current and thus output power increase. To attain an output power of 4kW with a load voltage of 8.5V, the average output current io, referred to the primary side of the isolation transformer with a turns ratio of n = 8, is i,/n = 58.82A. Figure 6 shows the simulation results of average output current us. phase angle for various supply voltages, with the output voltage fixed at 8.5V.
B. Operating Modes
The sequence of topological modes that the steady-state limit cycle goes through, i.e. the operating mode, is dependent not only on supply voltage and phase angle, but dso on the output voltage. Figure 7 shows the different operating modes at various combinations of E and 4, with a nominal value of V, = 8.5V, mapped using the binary box numerical method of [4] . It is actually the ratio between E and VL that influences the mode sequence; hence operating modes for another value of V ' can be easily obtained.
The operating modes in the figure are labeled according to the associated sequence of topological M modes only, i.e. the conduction states of the clamping diodes alone. If the secondary-side diode modes, S, are taken into account, there will be a far larger number of operating modes.
Of particular interest are the operating modes along the dashed line in Figure 7 on which io/n = 58.82A. As E changes slowly over time, the switching phase will have to be moved along that line to maintain the constant 4kW 
V. ANALYTICAL MODELS
After a nominal operating point has been selected, we may find the steady-state operating mode using simulation. Knowing the sequence of topological modes that goes with this, the steady-state trajectory can be computed more accurately using closed-form expressions for large-signal behavior. In addition, small-signal models can be derived, along the lines described in [10], [3] .
A . Large-Signal Sampled-Data Model
Denote the time a t the start of the kth cycle by t k , and let the transition times from one configuration to the next (relative to the start of the cycle) be put into a vector, Tk = [Tk,l ... Tk,NIT, where T k , N is the duration of the kth cycle, so t k + l = t k + T~, N .
All independent controlling parameters may be put into a vector, Pk. These controlling parameters will include externally controlled switching times and some circuit parameters.
For piecewise linear time-invariant systems, as in our case, the sampled-data equation then takes the form For the nominal point we have selected, we take the start of a cycle to be at the point where e2 switches from 0 to E while el is at E. For the case shown in Figure 5 , in which e2 lags el by 4, this is the point where vt falls from E to 0.
Since the first-half of the cycle is symmetric with respect to the second-half, we can save half of the computation. The actual computation of the large-signal sampled-data model is carried out in Maple with its symbolic manipulation capabilities.
The steady-state values of x(0) at vt : E -+ 0, found by simulation and by computation with the large-signal sampled-data model differ by less than O.l%, thus validating the accuracy of the simulator.
B. Small-Signal Sampled-Data Model
A small-signal sampled-data model governing small deviations from nominal operation can also be derived. The small-signal transition matrices may be calculated via simulation or computed by differentiating the large-signal sampled-data model, see [10] , [3] .
The point that we have defined to be the beginning of a cycle is where the trajectory leaves the MO plane and vt goes from E to 0. At this point, the circuit is really second-order, so only 2-D perturbations make sense here, A small-signal model has also been developed for cycles beginning at the point where vt drops from 0 to -E, where 3-D perturbations are possible. than 1, so the system is locally stable. Note that one of the nonzero eigenvalues is almost forty times as large as the other one, indicating that the system dynamics are mostly first-order. We will exploit this approximation in our small-signal controller design. The dynamics of the system are also quite fast: the largest eigenvalue is 0.165, so the deviation from steady-state is reduced by this factor in each cycle. This is consistent with the fast settling time of the trajectory into steady-state that is evident in Figure 5 .
VI. CONTROLLER DESIGN
A . Transfer Function of the Plant
The output current, io, and the load current, il;, are not available for feedback control because current sensing is difficult in the actual implementation of the circuit. What is available for feedback is the output voltage, oh. This means that the constant-voltage-source model for the output stage is too simple for control design. The load may be modeled as either a current source or a resistor in parallel with the output capacitor.
The plant to be controlled consists of the converter/load dynamics, with control input 4, disturbance input E, and output W L (or nvL if computation and design are done with variables referred to the primary side of the transformer, as we shall do here for convenience). The converter is approximated as a first-order system with a small-signal continuous-time transfer function from the input signal, A d , to the output, A i o / n , of the form
P+(8) = -
In Section VI Part B, we found the dominant discrete-time pole to be A1 = 0.165. This translates approximately to a continuous-time pole at 1 T,
To find the numerator of the transfer function, we perturb (in the simulator) the steady-state system with a step change in 4 and numerically find the change in the average output current after the circuit settles into steady-state again: Therefore, The plant transfer function is simply the product of Po(,) and P + ( s ) . For convenience, all variables are referred to the primary side of the transformer, so the combined transfer function will have a factor of n 2 , where n is the turns ratio of the transformer:
= n z P , , ( s ) P $ (~) ( 
13)
Based on this transfer function, we design a small-signal LTI feedback controller. For both resistive and currentsource loads, the dominant dynamics is that of the load; the converter current dynamics reflected in P+(8) is much faster.
B. Small-Signal Feedback Controller
A small-signal feedback controller is designed for the nominal operating point using classical control theory. The controller takes the continuous-time AnwL (the deviation in the output voltage from the nominal value) as its input, and generates a continuous-time phase correction A$. A sampled version of the continuous time A 4 at the beginning of each switching period is subtracted from the nominal switching phase angle.
Using classical control design considerations, [3] , we arrive at a feedback controller transfer function of
The first factor represents a proportional/integral (PI) controller, while the second factor provides some smoothing of the output voltage ripple to obtain a better measurement of the average output voltage. The Bode plot of the loop gain reveals that the cross-over frequency is at about 2.1 x 106rad/s, with a phase margin of about 63'; the closed-loop system has poles at -2.36 x lo6, -2.18 x lo6 &j2.67 x lo6, and -1.97 x los. The modeling errors and approximations we have made in designing the controller necessitate a margin of this order. For instance, simulations actually show that when the gain is increased by a factor of three, the closed-loop system becomes unstable in some cases, even though there is substantial phase margin left in the Bode plots. The complex conjugate pair of poles has an imaginary part equal to 42.5kHz, which is about 6.5 times slower than the switching frequency.
C. Nonlinear Control Rules
To deal with large deviations from the nominal, nonlinear control rules are added to the small-signal feedback controller, to achieve overall large-signal and small-signal control. The first rule is that -A4 has to be within the allowed range of 0 to A. With = 115.6', this means that A4 is clamped to between -64.4' and 115.6'.
A second situation where nonlinear control is necessary is when the output goes from full-load to no-load or vice versa. When the load demand is withdrawn, the output current charges up the output capacitor, but the phase correction provided by the small-signal controller is not enough to quickly counter the rise in output voltage. With only voltage sensing, the nonlinear control rule will be to immediately apply the full phase, A, when the sampled output voltage drops below a threshold, and to immediately drop the phase to 0 when the voltage rises above a threshold. The change in output voltage in one cycle caused by full-load current is A n v L = 1.3". The nonlinear control threshold above which minimum phase angle will be applied is set at 1.4V above the nominal nvLmOm, and the threshold below which maximum angle current will be applied is set at 1.4V below the nominal. Figure 8 shows that with nonlinear control the output voltage is limited to a small range dictated by the threshold value for the case of the resistor load model. Since the converter cannot absorb power, we must rely on the quiescent current at no-load to slowly discharge the capacitor. Once the load reverts to full-load and draws the nominal current again, the controller is able to stablize the output voltage within 10 to 15 cycles. This demonstrates that even if the quiescent current at no-load is not sufficient to discharge the capacitor, the system is still well behaved. Simulations with the current model show very similar results because the deviation in output voltage from its nominal value is small.
How the feedback controller deals with even larger deviation in the output voltage is shown in Figure 9 With maximum phase, the output voltage quickly rises to its nominal value.
D . Disturbance Feedforward
The supply voltage of the converter droops over time at a slow rate. As the supply voltage decreases, a larger phase angle is needed to maintain the nominal output cur- rent. However, the feedback controller is unable to produce enough phase correction. The supply voltage as a disturbance is measurable, so a disturbance feedforward scheme is feasible. We assume the transfer function from disturbance to output is in a similar form to that from control input to output. The feedforward controller is therefore simply chosen to be a constant gain (of value 0.36). We can see the improved disturbance rejection in Figure 10 (b) as compared to (a). We have assumed in this case that the supply droops at -1V/cycle, which is higher than what is expected in the actual system. The smooth curve for Aq5 is the output of the feedback controller while the circle marks are the phase correction values at the start of a switching cycle. The difference between the two is due to the feedforward correction. 
E. Soft-Start
For various reasons, including avoiding integrator windup [3] , it is important to implement a soft-start scheme. Instead of having a fixed reference output voltage nvLnOm throughout, it can be gradually increased from zero to the desired nominal value of 68V in about 30 cycles. Simulations show that good results are thereby obtained.
VII. CONCLUSION
In this paper, we have examined the topological modes of the series resonant converter with clamped tank capacitor voltage, and have described the behavior of the statespace trajectories via trajectory velocity fields and solutions to the state-space equations. With simulations, we have found a map of the operating modes for the range of supply voltages and switching phase angles for normal operations of the converter. A nominal operating point that produces the desired 4kW output power is selected.
Results for the steady-state trajectory and the eigenvalues of its small-signal transition matrices obtained from sampled-data models around the nominal point are verified by simulation. The small-signal model shows that the SRC has fast dynamics and is essentially first-order. By approximating the SRC as a first-order system, a smallsignal feedback controller is developed using classical control methods. Nonlinear control rules are added to handle large-signal errors, and a disturbance feedforward scheme is added to improve disturbance rejection characteristics. Simulations under various circuit operating conditions provide preliminary validation of the controller design. Experimental verification is planned.
The simple controller designed in this paper performed well. However, it is still of interest to see if our analysis of trajectory geometry can lead to nonlinear controllers whose large-signal performance can be theoretically guaranteed (in contrast to the empirical 'guarantees' provided by mere simulation of a variety of operating conditions). One such design of a nonlinear controller for the conventional (second-order) series resonant converter is presented in [5] . Another challenge for future work is to provide a simple explanation for why the SRC dynamics (with constant-voltage load) is essentially first-order. Related to this is the task of directly deriving approximate continuoustime first-order models of the dynamics, perhaps in the style of [7] or [SI.
